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THE ENERGY EQL'.C,TION (t7

mav be \r 'r itten dou'n rl irt 'ctl '  fr.m co.si(l.r irt ions of mechanicsl
thc gcnerr : r l  cxpression for  the k i . r ' t ic . . . rg 'of  t ra 's lat ion is  * -11 J/ , ;
f r r r  o r re  p .unc l  o f  f l u i r l  ho * t ' r ' r ' r  , l I  : 1 ,q  s ( '  t h ( .  k i n t . t i c . , r , , ' ! . . be -
comes r t2, i2 !  [ r - lb ' lb .  Again rnt 'ch: r . ics sh,us th l r t  the notcnt i ; i l
encrg\r  of  a u 'c ' ight  w at  a vcr t ica l  c l is tancr :  a l ,o ' t  d l t r rnr  is  ( r t ' la-
t ive to thc dat ,nr)  wz f t - lb ;  i f  thr .u 'e igh1 corrs i r lcrcc l  is  orrc  pound,
the  p r t c ' t i : r l  cne rg ' . f  t h t ' f l t r i t l  i s  s i r r p l r . :  f t - i l r  l b .  
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C o n s i t l e r  n o u ' t l t t ' u o r k  r l o n r  o n  t h c  l l u i r l  r v i t h i n  t h c  l i o r r n r l a r v  b v
a  l t ' i g l r t  o i  l l r r i r l  t ' r t l t . r i n g  t l r c  h , , r r r r r l l r r r . : r r r r l  t h a t  r l r r r t .  l r r  l h t . H t r i t
u ' i th in  lhc  boun< l l rv  on  thc  s : rmt '  rv t ' igh t  o f  l lu i t l  le : i r - ing .  Suppose
tha t  i ' : r  c - -c r ra in  t ime .  * ' r ' i gh t  o f  l lu i r l  ( . -1  17q A11)  mo\ .es  in t ,  thc
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containerl  in each porrnrl  of l l rr i r l  mav thcrcforc_- bc exprcs-.c,cl i rs
/  l ' : i  \
l I  + ; .  * :  )  f r - l l ,  l l r .  I t t ' s t r i c t i r g  t h c  < l i s c , s s i r '  t ,  s t t ' r r r l r -  H o * -
\  z (  /
I t l l t l  cor ts ic l t ' r ing  t l r t '  cor r t i r tu i t r -  p r inc ip lc ,  t ' ach  pounc l  o f  l l r r i c l  c l t c r -
i . g  t h c  l r ' u r < l : r r r ' 1 2 2 1  c t f  F i g . 3 1  r h . r r g h  s t . c . t i . n  I  ' r r r s t  r l i s p l a r . r , a
Pour rd  o f  HLr i r l  rvh ich  rv i l l  n ro \ - r  ( )u t  o f  th t ' l rount lu r r - ; rc ross  s t ,c l ion  2 .
Thc'refore
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bounc la r r ' : l c ross  scc t ion  l  anr l  tha t  in  th is  t ime a  n 'e igh t  o f  f lu id
( '1272 .\12) lcavcs thc bottnrl : i r l '  acrross scction 2. 

- l-hc 
n'ork :rssoci-

:rtccl u' i th thcsc t l is l i lac( 'ments curr be conrputt 'cl  fronr the l)ro(lucts
of frrrct 's (p1-.1 1 anrl  PtAz) i tnt l  displact,nrcrrts (. \ i1 arrr l  . \ i2) u'hich
g i v e  p 1 . 1 1  J 1 1  : u r t l  / 2 . 1 2  t i 2 .  r t ' s p t ' c t i v c l r ' .  I i o r  i n c l t r s i o n  i n  t h c  c n -
t : rgv  t ' r l r r i r t ion  thesc  uork  tc rms must  l )c 'n r i t t cn  p t ' r  pounr l  o f  f l r r i c l
t l o u ' i n g ;  t h i s  r n a v  b c  c l o n c  b y ' t l i v i r l i r r g  l r v  t h c ' n r r r n l r c r  o f  P o r r n t l s  o f

f lL r i r l  ( , .1  r? r  l / r  : i r r r l  - .1  : l :  l1z )  t io ing  th t '  u 'o rk ,  g iv ing  p1  , / -71  : rn t l

l> . . i l z ,  p1 ' ,spcr : t i vc . l r ' .  F rom th is  r l cv t : lopmcnt  i t  i s  cv ic lcn t  tha t  a

pounr l  o f  Hr r i t l  cn to r ing  thc  bo t r r r r l r r rv  a t ' l  t lo t ' s  work  p1 l ' . y1  c ln  thc
f l r r i < l  u i t h i r r  t h t ' l r o r r r r r l a r r ' : r n r l  t h a t  t h c  f l r r i r l  u i t h i n  t h e  l r o r r n r l : r r v

r l<x 's  rv r r rk  p2 '12  or : r  l to r rn< l  o f  t lu i r l  l t ' : r v ing  a t  s t ' c t ion  2 .  ] l ' rom th is

i t  f o l l o u ' s  t h : r t  t h e  n t ' t  t ' o r l i  < l o n c  o n  t h t ' l l r r i r l  l ' i t h i n  t h c  l r o r r n r l : r r v  i s
(Pr i ' l t  -  b  t t ) ,  u 'h ich  rnav  l rc  s ' r i t t t ' r r  r rs  (21 t '1  -  P* 'z ) ,  thc  p ro< l -

t l c t  22 '  l t t ' i t tg  e t ' t t c ' r l t l l v  l i t to r t - r t  l t s  thc  "Hou '  r t  o rk . "

T h e  c n t r g v  c ' < 1 u : r t i o r t  r n : l v  n o \ \ ' b e  u ' r i t t c r r  ( l r i g . 3 1 )  a s

I  I " 2
l I t * ;  * t '
L  l (

(33 )

o r ,  c o l l c c t i n g  1 t ' r r r r s  o [  t h t  s r r n r t ' s r r l r s c r i p t  a n r l  r c p l a c i n e  p z ' r v i t h  p / 7 ,

r l j a l l

I '  + ' ' '  I  * : r  I  l t t r  I  l ' . 1 1  : 7 .  +  " ' +  
' . t  

* : :  ( 3 J r
l ' t  2,. :  

-  ^r !  2C

\ \ ' i th  thc  ( 'n ( , rgv  c r lua l ion  u ' r i t ten  in  thc  l )a t t ( 'n )  o f  t ' c lua t ion  33 ,

thc  l lou '  uork  tc rms p '7  l r t . r 'omc assr ic ia t t ' r l  u i lh  th t ,  ( 'n ( ' rgv  t ( ' rn ts
I ,  I ' '  2 1 , : r r r r l  : ;  i r n r l  l r c c a u s r .  o f  t h i s  P ' l  i s  g c n t ' r ; r i i r -  ( : r n r l  c o n v r , n -

i t ' n t l1 ' )  t r t ' l r t t r l  as  th r '  "J ) r ( ' ssurc  ( 'n ( ' rg \ " '  o f  thc  l l , , l  .  - \ l though thc
fo rcgo inu  r l c r - t , loprn tn t  has  shor - r t  th : r t  p  ' y  i s  n , , t  s t r i c t l v  a  J ) rcssr l rc
e n e r g v  i t s  r r s t ' l t ' ; r r l s  t o  r i o  p n r c t i c ' l l  < l i f h c r r l t r  i n  l l r r i r l  l l o u  p r o l r l e n r s . :

^ \ss t t rn ing  un  inc r t 'asc  in  i r l l  o f  th t ' s t '1 r ; in r t t  t ' nc ' rg ics  f rom scc t ion  1

to  sec t ion  2 ,  c ' r l i ra l ion  33  ma1 ' l , rc  r i ' r i t1 , . 'n  in  t l i l I r rcn t ia l  fo rm,

I  I n

sure €

COMPATI ISo\  t  t f

rvhich is conr-t ' t i i t 'nt f '

the  te rms o f  e t l t t l t t i " :

S t r ( 'amt  t l l , ,  t ' l t 'm,  r l l  ' -

d E - y  r v l r i c h  i m 1 ' l i ,  -  ' '

l eads  to  a  cont r l l ( l i (  l : '

i r r  l a r g c  " l t t n r l r s "  r " ,  t

s o n  i t  i s  l l o t  i l l ( ' ( , l l t  t '

clucle E11 in c'cl t t l t l i '  :

d [  '

19. ComParison of

of  cquat ior ls  32 r r r r ' l

Rcstat ing thcse t ' r1 t r  ,

d I  +  p , i l

i t  i s  a t  oncc  cv i r l t ' r r t

I"or thc l ' lorv of i i ' : r

umc nl i l \ r  l rc igrtt  tr ,  '  i  .

ing  t t t  thc  co t rc l t t s i " : .

l .a te r  i t  rv i l l  l l e  sh , ' r t :

"energv cl issi l latt ' r l  1 ' .

loss  i s  t11 ;1  1  l1 ;ss  r  ' i

i n to  hca t ,  l l l r r t  o f  u  i

t o  i n c r t ' : l s e  i t s  i l l t ( ' i r '

p ress ib lc  f lo* -  r ts  i t  . ,

hc : t r l  loss  i s  i t  p t ' r t t l : '

l e a v i n g  t h e  l l o u  : r r l , :

t lo rn  rcc t l ve t - t r l r l t '  i r r r  :

s r t r r ,  r ' c loc i t r ' ,  l t t t , l  :

t ion  th is  i , s  t to l  , l t ' : . '  :

i nc l t r t l t '  th t '  i t t  t ,  r . : r  '

A t r o t h e r  [ r r r i t f r r '

t ions ln:rv l l t ' t t t l t ,  l ,

I { c r c r : 0 i r n t l t h '

I  I ' - " , -  r r . l r  t .n  t t . r inS I  I  a , , ,  l lorv  n 'ork r lor r t '

I  t h t ,  l , o t rn r l r r n '  l  1 -  l  t i ' r  t l u i r l  n - i t h i n  t h t .

1 1 2 2 1  |  | l , o r r r r , l ; r r v t 1 2 l

I  l - ' r . ' rgv  l t ' l v ing  I:  I  t  hc  h ,u r r r  l r r r \ '  I
I  rzzr  J

t ltrt tr ',,] + [r,,,, 
* ,*,,f lrr, *'; *,,f
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u'hich is convcnicnt for comparison \\ ' i th the F-uler e(luation. Al l  of
thc  te rms, r f  equat ion  34  c i in  bc .  c i rs i l v  v is r ra l i zc .c l  as  i i l )p lv ing  to  a
s t rcamtu l )c  c lement  o f  < l i f f c rcn t i ; r l  s izc ,  rv i th  thc  poss ib lc  exccpt ion  o f
r lE ,u  u 'h ich  imp l ics  thc  cx is te r rc t '  o [  an  i r r f in i tes imi r l  m: rch ine  anc l
leac ls  to : r  con t r : r r l i c t ion  s i r rc t ' in  p rac t ic t 'mechan ica l  ( ,nL ' rgv  i s  a r lc led
in  la rgc  " lumps"  ra th . r  than i r r  r l i1 l i ' r t ' n t ia l  ( luan l i t i cs .  l ;o r  th is  r r i r -
son  i t  i s  r ro t  incons is l ( 'n t  to  < t ' i t i l  d l t y  fn rm ec lua t ion  .14  bu t  to  in -
c luc le  E11 in  cc lua t ion  33 .  Omi t t ing  d ,D-11 ,  c ' r1u : r t ion  34  l ) rcomcs

d I  t  d (P ' t )  * , 11V2 '2 ! : )  |  t l z  :  t l l l s (34:r)

19. Comparison of the Energy and Euler Equations. Ciomparison
o f  equ : r t i o ' s  32 : rnc l  34a  I t ' a t l s  r l i r c ' c t l 1 ' t o  so ' l ( ' r r se f t r l  c .nc lus i ' ' s .
Res t ; r l  i r r g  t h t ' s c  t ' r l t t a l  i o r r s ,

z ,dp  +  d (V2 , t2 t )  *  dz  |  ( r / tR t  r t t  :  0

dI  + p i i r  !  q ,dp + d( I ' )  2yt  I  dz -  t lE11 :  11

(32)

(34a)'  - - \  J t . l r r - i ng  I'  , r r n r l r t n '  I
: :  l

l - r '  ,  I
t b l

) , t  
-  

|

(33)

rr r l i th y' , i 'y,

i t  i s  a t  once ev i r l t ' n t  t l t : r t  thev  h : rv t ' th rc r ' ( . ( ) r r r r r ( ) l )  t t rn ts .
F o r  t h c  I l o * ' . f  l i < y u i c l s ,  * ' h . r e  c l r a ' g c , f  r l e r r s i t r - : r ' r r  s J r e c i f i c ' o l -

rrmc rnav lrc ignorccl,  dl n' i l l  l r t :  zero causing p dt; tc> r ' :rnish ancl lead-
ing  to  thc  conc lus ion  tha t

(, /yR) dl :  dI - r lEs

Latc r  i t  * ' i l l  b t ' sho* 'n  th r r t  ( r  r7 l l1  d l  i s  k ' . * 'n  : rs  the  "h t 'a r l  loss"  . r
"encrgv  r l i ss ip : r tc r l  b . ' '  f r i c t ion" ; thc  cc l r ra l ion  o lJ t ' rs  p rog f  th l t  hca t l
loss  i s  r ro t  a  loss  o f  ro ta l  ( 'nerg \ :  l r r r t  r : r ther  r r  conr . t . rs ion  o i  cnergv
in to  h r t t ,  p r r r t  o f  rvh ich  l t ' i L ' r ' cs  thc  f lu ic l  anr l  thc  r t 'nu in r l t , r  sc r r - ing
to incrci ise i ts intcrnal ( ' r) . ' r !{ \ ' .  ' I 'his 

is thc prut ' t ical casc of incom-
press i l i l t '  f l ou '  : rs  i t  a l lpc : r rs  in  manv t 'ng inc t ' r ing  upp l ica t ions ;  herc
l ' r t 'ar l  loss is a p.rmissiblc antl  rrst ' frr l  c. 'cr '1rt,  l rcc:rrrse ht 'ut energv
lea ' ing  thc  f lou- : in r l  rnc rgv  c 'nv t ' r t c r l  in lo  in te rn : i l  rn t ' rg r .a rc  sc l -
r lonr rrcovcrable arrcl are in t ' lTcct lost. from thc rrscfrr l  tot:r l  of lrrcs-
sur r ' ,  ' , ' t ' l oc i t r ' ,  anr l  po tcn t ia l  encrg ics .  l , -o r  c .n rp l t . ss ib l t  Hr r i ,  l  rno-
t ion  th i .  i s  t to l  qc t tc r ; r l l v  t ru t ' ,  s i l ce  the  usc f t r l  t6 t1 l  9 f  r :pc rg ies  * . i l l
i nc l r r r le  thL '  i r ) t ( ' r l t i l l  ( ' nc rg \ ' .
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